Semiconductor quantum dots have recently emerged as a leading platform to efficiently generate highly indistinguishable photons, and this work addresses the timely question of how good these solid-state sources can ultimately be. We establish the crucial role of lattice relaxation in these systems in giving rise to trade-offs between indistinguishability and efficiency. We analyse the two source architectures most commonly employed: a quantum dot embedded in a waveguide and a quantum dot coupled to an optical cavity. For waveguides, we demonstrate that the broadband Purcell effect results in a simple inverse relationship, where indistinguishability and efficiency cannot be simultaneously increased. For cavities, the frequency selectivity of the Purcell enhancement results in a more subtle trade-off, where indistinguishability and efficiency can be simultaneously increased, though by the same mechanism not arbitrarily, limiting a source with near-unity indistinguishability (> 99%) to an efficiency of approximately 96% for realistic parameters.
The efficient generation of on-demand highly indistinguishable photons remains a barrier to the scalability of a number of photonic quantum technologies [1] [2] [3] [4] . To this end, attention has recently turned towards solidstate systems, and in particular semiconductor quantum dots (QDs) [5] [6] [7] [8] [9] [10] [11] [12] [13] , which can not only emit a single photon with high quantum efficiency, but can be easily integrated into larger photonic structures [14] , resulting in photons being emitted into a well-defined mode and direction. Highly directional emission is crucial to the overall efficiency of the source, and is typically achieved by either placing the QD in a waveguide with low out-ofplane scattering [15, 16] , or by coupling resonantly to an optical cavity mode [6-9, 12, 13] . Nevertheless, the solidstate nature of QDs leads to strong coupling between the electronic degrees of freedom and their local environment; fluctuating charges [17] , nuclear spins [18, 19] , and lattice vibrations [20] [21] [22] [23] all lead to a suppression of photon coherence and a resulting reduction in indistinguishability [11, [24] [25] [26] [27] . While early experiments were indeed limited by these factors [6] [7] [8] [9] , improvements in fabrication and resonant excitation techniques have steadily increased photon indistinguishability to levels now exceeding 99% in resonantly coupled QD-cavity systems [12, 13] . Photon extraction efficiencies have also steady improved, with the highest values reaching 98% in a photonic crystal waveguide [16] .
Despite this impressive progress, a system boasting very high (> 99%) indistinguishability and efficiency as required for e.g. cluster state quantum computing [28] remains elusive. Strategies aimed at achieving such a source typically focus on engineering the photonic environment in order to maximise the Purcell effect [29, 30] , where the QD emission rate becomes F P Γ, with Γ the bulk emission rate and F P the Purcell factor [29] . Modelling a QD as a simple two-level-system with a Markovian phenomenological dephasing rate γ, the Purcell factor allows one to quantify the indistinguishability and efficiency as I = ΓF P /(ΓF P + 2γ) and η = F P /(F P + 1) respectively [31, 32] . In this simplistic model, one concludes that the Purcell factor is the key quantity of interest, which when increased will simultaneously lead to greater indistinguishability and efficiency.
In this work we demonstrate that this reasoning fails when one considers the coupling of the QD to its solidstate lattice at a microscopic level. We show that even in an idealised scenario, in which all other sources of noise are suppressed, the unavoidable coupling to phonons means neither waveguide nor cavity based sources can simultaneously reach near-unity indistinguishability and efficiency through Purcell enhancement alone. In contrast to simply introducing a Markovian dephasing rate, exciton-phonon coupling in the QD causes the lattice to adopt different configurations depending on whether the QD is in its ground or excited state [see Fig. (1) ]. As such, an excited to ground state transition accompanied by photon emission into the zero phonon line (ZPL) has a probability which scales as the square of the FrankCondon factor B < 1, corresponding to the overlap of the two lattice configurations. The remaining emission events also scatter phonons in the process, resulting in emission of distinguishable photons, and a phonon sideband (SB) in the spectrum which must be removed. Due to the broadband nature of the Purcell enhancement in waveguides, the SB can only be removed by filtering. This necessarily sacrifices efficiency, resulting in a simple trade-off between indistinguishability and efficiency. For an emitter embedded in a moderate to high Q-cavity the phonon sideband can be naturally suppressed, though in this case the efficiency becomes η = B 2 F P /(B 2 F P + 1), showing that removal of the sideband reduces the expected efficiency through the Frank-Condon factor. This can in part be compensated by increasing the Purcell enhancement, though not indefinitely, as both the efficiency and indistinguishability drop when the strong coupling regime is reached. Based on a rigorous non-Markovian phonon theory, we derive analytic results quantifying the performance of single-photon sources for different architectures and in different regimes of operation.
Phonon interactions in optically active QDsThe two key quantities used to characterise a single photon source are the efficiency, defined as [31, 33] 
and the photon indistinguishability, defined as
where the D and O subscripts denote the detected field and the field lost into unwanted modes.
is the positive component of the electric field in frequency space, and
the power into each channel. Note that Eq. (2) is more commonly (and equivalently) written
. Here we instead use the generalised two-colour spectra S D,O (ω, ν), which for ω = ν is the measured emission spectrum. These expressions highlight the essential connection between spectrum and performance of the source.
To calculate these quantities we consider a QD as a two-level-system with ground state |0 and single exciton state |X with energy ω X [21, 25, [34] [35] [36] [37] , embedded in a structured electromagnetic environment. The Hamiltonian is written (we set = 1) H = ω X |X X| + H EM I + H P H I + H E , where H E describes the free evolution of the environments. The term H EM I contains the field operators E D,O (ω), and describes the interaction between the QD and its photonic environment. The electronic degrees of freedom of the QD couple linearly to longitudinal acoustic phonons [21, 34] 
is the annihilation (creation) operator of the phonon mode with wavevector k. The coupling strength between the QD and the phonon environment is fully characterised by the phonon spectral density, which for a spherically symmetric QD with harmonic confinement potential becomes
where α is the exciton-phonon coupling strength, and ξ = √ 2v/d is the environmental cut-off frequency, with v the speed of sound and d the size of the QD [38] .
To calculate the two-colour spectra S D,O (ω, ν), we must accurately capture the influence of exciton-phonon coupling on the emitted fields E D,O (ω). Perturbative Markovian treatments, such as the time-convolutionless master equation technique, are known to fail [24, 31] , while non-Markovian extensions of the quantum regression theorem have had limited success [25, 39] . Numerically exact approaches, based on exact diagonalisa- tion [24, 31] or non-equilibrium Green's functions techniques [40] have been used, though these provide limited insight into the underlying physical processes involved, and only in rare cases give analytic expressions. We adopt a polaron transform approach, used in conjunction with formally solving the Heisenberg equations of motion for the emitted fields. This allows for the dominant non-perturbative non-Markovian phonon influence to be included, and also permits us to derive explicit analytic expressions in relevant regimes which elucidate the interplay between the Purcell and Frank-Condon factors and trade-offs between efficiency and indistinguishability.
To proceed we apply the polaron transformation [23, 37, 41, 42] to the total Hamiltonian, defined by the unitary U = |0 0| + |X X|B + with
. This leads to a displaced representation of the phonon environment, in which the lattice configurations corresponding to the ground and excited QD state form the natural basis. We identify the Frank-Condon factor as the thermal expectation value of the lattice displacement operator:
We will see that 1 − B 2 of photon emission events are incoherent in nature and constitute a phonon sideband in the emission spectra. As seen in Fig. 1 (b) , while this phonon sideband is orders of magnitude lower in intensity, its width is determined by the phonon cut-off frequency ξ ∼ 1 meV for typical parameters. As such, even at T = 0 K where only phonon emission occurs, the sideband constitutes 7% of the emission for realistic parameters, which increases with temperature and for QDs with smaller exciton localisation lengths, as seen in Fig. 1 
(c). The transformed Hamiltonian itself reads H
P = UHU † = (ω X − k g i) QD
FIG. 2. (i)-(iii)
show the three single photon source designs we analyse and their associated emission spectra: a QD emitting into a slow-light waveguide with and without a spectral filter, and a QD in a coherently coupled optical cavity. For the spectra the filter and cavity both have a width of 100 µeV.
nal linear exciton-phonon interaction term has been removed, but phonon operators now enter into the transformed light-matter interaction term H IP = UH EM I U † . We wish to analyse the three commonly used single photon source architectures shown in Fig. (2) , consisting of a QD in a waveguide with Purcell enhancement (a slowlight waveguide) without (i) and with (ii) a spectral filter, and a QD resonantly coupled to a cavity (iii), with each case giving rise to a different transformed light-matter coupling Hamiltonian H IP [43] . Emission properties -A defining characteristic of slow-light waveguides is the broadband nature of the Purcell enhancement [30] . For case (i), we therefore assume a flat photonic spectrum over frequencies relevant to the QD, from which we find the detected (D) and out-of-
in the time-domain, where Γ D,O is the corresponding emission rate, σ = |0 X|, and tildes indicate Heisenberg picture operators. For weak light-matter coupling Γ D = F wg Γ, where F wg is the Purcell factor in the waveguide and Γ the bulk emission rate. The above expression has the same form as that of a standard quantum dipole emitter, though modified by a lattice displacement operator B − , which through Eqs. (1) and (2) affects the spectrum, efficiency and indistinguishability. For case (ii), the effect of a spectral filter is most easily introduced in the frequency domain, where the detected field becomes [44] , and for a Lorentzian filter we have
−1 with κ f and ω f the filter width and central frequency respectively [45] . In the time domain the detected field takes the form of a convolution between the emitted field and the filter response function.
We follow a similar procedure for case (iii), though now explicitly account for variation of the cavity lineshape across the relevant QD frequencies. The out-ofplane emission (i.e. not via the cavity mode) is given
, which takes the same form as in case (i). As a key insight of this work, we find that the cavity emission can be written in frequency space as
−1 , where g is the lightmatter coupling strength, κ c the cavity width, and ω c the cavity mode frequency. Comparing to case (ii) above, this expression demonstrates the formal analogy between a cavity and a spectral filter, and the mathematical connection between filtration effects and the phonon sideband captured in the operatorB − (t). One can see that coupling to a cavity has two dominant effects. The first is to modify the QD dynamics, which is captured implicitly in the time-dependence of the operatorσ(t). How these dynamics are modified will depend on the regime of lightmatter coupling, and will include Purcell enhancement, as well as phonon induced dephasing mechanisms [24] . The second is to spectrally filter the resulting QD emission, as described by the cavity filter function h c (ω).
We can now calculate the detected two-colour spectra, and in all cases find
The function G(ω, ν) is essentially a Green's function, describing how the field is transformed propagating from its creation at the QD, to the detector. It is given by
describing the filtered waveguide source, and
for the optical cavity, where we have defined Γ cav = 4g 2 /κ c . As we show in the supplementary information [43] , the bare QD spectrum can be written S O (ω, ν) = S SB (ω, ν) + S ZPL (ω, ν), containing a sideband and ZPL contribution, respectively. In the absence of any filtering effects, the fraction of power in the ZPL can be found to be [26, 39] . Emission spectra for the three cases are shown in Figs. (2) (i)-(iii) , where the filter and cavity in (ii) and (iii) have widths κ f = κ c = 100 µeV. The broadband Purcell effect in (i) results in an enhanced SB and ZPL, while the filter in (ii), and the cavity in (iii) remove the SB, increasing the ZPL fraction above B 2 . Waveguide vs Cavity Comparison -In Fig. (3) we compare the three single photon source architectures shown in Fig. (2) . For large cavity or filter widths (κ c,f ξ ∼ 1 meV), the entire sideband contributes to the detected field, yielding an indistinguishability of that in bulk, I = B 4 ≈ 83% for realistic parameters at T = 4 K. As the filter or cavity is reduced in width, the indistinguishability increases as the phonon sideband is removed. This plot demonstrates that until the strong coupling regime is reached, i.e. for κ c > 4g, with regards to the indistinguishability, the dominant effect of the cavity is to filter the QD emission. The efficiency of the filtered source (ii), however, always decreases with decreasing filter width as the sideband is removed, whereas the cavity efficiency (iii) increases, since the Purcell effect compensates for photons lost into the sideband.
To elucidate these points, let us consider the experimentally relevant regime where the filter or cavity width is larger than any features present in the ZPL. This corresponds to Γ D < κ f in case (ii), and Γ cav < κ c in case (iii), meaning that the strong coupling regime is not reached. In this regime we find that the master equation describing the QD degrees of freedom can be approximated aṡ
, where Γ tot = Γ O + Γ D for (i) and (ii), and Γ tot = Γ O + Γ cav in case (iii). For the waveguide cases (i) and (ii) γ tot = γ, where γ is a non-phonon induced dephasing rate introduced to capture e.g. charge noise or spectral diffusion, while for the cavity in case (iii) we find γ tot = γ + γ ph where γ ph = 2π(gB/κ c ) 2 J ph (2gB) coth(gB/k B T ) is a phononinduced pure-dephasing rate. We then find that the indistinguishability can be approximated by [43] 
where
is the fraction of the sideband not removed by the filter or optical cavity. The first factor in Eq. (24) is similar to the standard expression [31] , though with an additional phonon-induced dephasing rate γ ph . The second factor, however, highlights the essential role of the Frank-Condon factor B, and the interplay between this and the fraction of the sideband remaining in the spectrum F. The efficiency in this regime is given by
for the cavity, and η = (
for the waveguide. Again, these efficiencies resemble the standard expressions, but demonstrate the importance of the Frank-Condon factor when the spectrum is modified.
For a broad filter or low-Q cavity, for which κ f,c ξ ∼ 1 meV, we have F = 1 and Eq. (24) becomes I = B 4 Γ tot /(Γ tot + 2γ tot ). Since B < 1, the phonon sideband reduces the indistinguishability that would be expected from Markovian or phenomenological treatments. The efficiencies in this regime become η = Γ D /(Γ D + Γ O ) in the waveguide case, while for the cavity we find η = Γ cav /(Γ cav +Γ O ), becoming η = F cav /(F cav +1) for Γ O = Γ with F cav = 4g
2 /(κ c Γ) the cavity Purcell factor. Thus, in this regime the efficiencies are equal to those expected from phenomenological approaches.
For a sufficiently narrow filter or cavity, for which κ f,c ξ, we have F ≈ 0, and Eq. (24) becomes I = Γ tot /(Γ tot + 2γ tot ). Here the cavity or filter removes the phonon sideband from the detected spectrum, increasing the indistinguishability as compared to that found for a broad filter or low-Q cavity. Although the sideband appears not to affect the indistinguishability of the source in this regime, the efficiency drops monotonically in case (ii), and for the cavity (iii) becomes
. Now we see the FrankCondon factor acting to reduce the source efficiency [31] , which demonstrates a trade-off between the two source figures of merit. Crucially, however, the increase in
2 /κ c with decreasing cavity width κ c can compensate for sideband photons which are lost, giving rise to an overall increase in efficiency as κ c is reduced.
Considering lastly the strong coupling regime for the cavity case (iii), where 4g > κ c , we see from Fig. (3) that the indistinguishability begins to drop sharply, indicating that the cavity-based source cannot be arbitrarily improved by decreasing κ c . In this regime Rabi oscillations occur between the QD and cavity, allowing Markovian phonon-induced dephasing mechanisms to have a greater effect. Moreover, these Rabi oscillations give the excitation a greater probability to be lost to non-cavity modes, as seen by the corresponding drop in efficiency. Discussion -Our results allow for a critical appraisal of the most commonly used QD single photon source architectures. For a QD in a perfect lossless waveguide, although efficiencies may well approach 1, even in the absence of pure-dephasing (γ = 0), the broadband nature of Purcell enhancement means that the unavoidable phonon sideband in the emission spectrum limits photon indistinguishability to approximately 83% at T = 4 K. A spectral filter can improve this value, but the efficiency will then necessarily decrease, giving I ≈ 99% and η = 83% for a filter width of κ f = 100 µeV.
For a QD coupled to a cavity, we can identify an optimal regime where 4g < κ c ξ, such that the cavity removes the phonon sideband, but is not so narrow as to enter the strong coupling regime. Clearly small values of the QD-cavity coupling strength g most easily satisfy this criterion, though this comes at the expense of a reduced efficiency as the cavity Purcell factor weakens. These competing requirements mean a cavity-based source cannot simultaneously reach near-unity efficiency and indis-tinguishability by simply increasing the cavity Q-factor or QD-cavity coupling strength. Nevertheless, readily achievable experimental parameters of g = 30 µeV and κ c = 120 µeV give I = 99% and η = 96% at T = 4 K.
These numbers and the calculations in Fig. (3) are based on a favourable but realistic scenario, in which phonons are the dominant source of dephasing, and placing the QD in a cavity does not affect its emission rate into non-cavity modes. This immediately points us towards how source architectures may be improved, as the figures of merit are ultimately limited by the size of the phonon sideband in the bulk QD spectrum and the strength of emission into non-cavity modes. The former may be reduced in QDs with a larger exciton localisation length [21] , or actively suppressed by manipulation of the phononic density of states. Decreasing emission into non-cavity modes is possible for low Q cavities [46] , though these will not satisfy the necessary κ c ξ condition needed to remove the sideband. Instead, a photonic environment that strongly suppresses all emission except into a narrow (∼ 0.1 meV) range is required.
SUPPLEMENTAL MATERIAL
We consider a quantum dot (QD) with ground state |0 and excited (single exciton) state |X with energy ω X . The QD couples to a phonon and photon environment, and is described by the Hamiltonian (we set = 1)
with b † k (b k ) the creation (annihilation) operator for a phonon with wavevector k, and couples to the QD through the coupling constant g k . The environments are described by describes the interaction between the QD the photonic environment.
QD COUPLED TO A PHOTONIC WAVEGUIDE
We first consider a QD coupled to a photonic waveguide, for which we have H EM E = µ l ω µ,l c † µ,l c µ,l , and
where σ = |0 X|, c † µ,l (c µ,l ) is the creation (annihilation) operator for mode l of environment µ with frequency ω µ,l , with µ = {D, O} denoting detected (D) waveguide modes, and out-of-plane (O) modes leading to loss. We characterise the QD-photon coupling strength with the spectral density J µ (ω) = l |f µ,l | 2 δ(ω − ω µ,l ), which is taken to be flat over frequency scales relevant to the QD [1] , for both the out-of-plane field and detected waveguide modes, allowing us to write J µ (ω) ≈ Γ µ /π, where Γ µ is the emission rate into the relevant channel.
We apply the polaron transformation to H, defined through H P = UHU † , with U = |0 0| + |X X|B + , where
which allows us to derive a master equation that is non-perturbative in the electronphonon coupling strength [2] . The transformed Hamiltonian reads H P =ω X |X X| + H IP + H E with
whereω X = ω X + k g 2 k /ν k , and we note the presence of phonon displacement operators in this exciton-photon coupling term. Physically, these operators lead to a displacement of the phonon lattice as discussed in the main text.
We now derive a Born-Markov master equation in the polaron frame, treating H I to second order and assuming the electromagnetic environments remain in the vacuum state. After moving into a rotating frame this becomes [3] 
where ρ S (t) denotes the QD density operator,
, the total emission rate is Γ tot = Γ O + Γ D , and we have introduced a phenomenological dephasing rate γ to capture broadening of the zerophonon-line not caused by phonons.
Field emission for cases (i) and (ii)
As defined in Eqs. (1) and (2) in the main text, the indistinguishability and efficiency are calculated from the detected and out-of-plane two colour spectra, S µ (ω, ν) = E µ (ω) † E µ (ν) , which are Fourier transforms of the first order two-time correlation function g 
, whereẼ µ (t) = lc µ,l (t) is the electric field operator in the Heisenberg picture. The Heisenberg equations of motion givė
which can be formally solved to giveẼ µ (t) = Γµ 2πσ (t)B − (t), where we have and neglected the vacuum contribution. We can therefore write S D (ω, ν) = (Γ D /Γ O )S O (ω, ν) leaving us to calculate S O (ω, ν) as described in Section .
Considering now the filtered waveguide source, the effect of the filter on the detected field is introduced by letting [4] , where for a Lorentzian filter we have
with ω f and κ f the filter central frequency and width, respectively. This allows us to write the detected two-colour spectrum as
Moving into the Fourier domain and solving algebraically we find
where 
Notice the phonon displacement operators are now present in the expression of the detected field, and the cavity acts as a filter of the QD emission. As in the filtered waveguide case, the indistinguishability may be calculated directly from the detected generalised two colour spectrum, which for the cavity takes the form
2 /κ c .
INDISTINGUISHABILITY AND EFFICIENCIES
In order to calculate the detected indistinguishability and efficiency defined in Eqs. (1) and (2) in the main text, we must calculate the detected and lost two-colour spectra
. In all cases we can write
* h f (ν) for case (ii) for the filtered waveguide source, and
* h c (ν) for case (iii) with the cavity.
It therefore suffices to calculate the spectrum
In all cases we have foundẼ O (t) = Γ O /2πσ(t)B − (t), and we therefore define the first order correlation function
The many body displacement operators in this expression make it challenging to calculate exactly. However, for QDs the timescales associated with phonon relaxation and photon emission are very different, with the former typically occurring on a picosecond timescale, while excitonic recombination occurs on a 100 ps to 1 ns timescale. This allows us to factorise the correlation function to give
The factor G(t 1 , t 2 ) = B + (t 1 )B − (t 2 ) is the two-time correlation function of the phonon environment, while g (1) (t 1 , t 2 ) = σ † (t 1 )σ(t 2 ) is the two-time correlation function for a QD dipole. Using the standard procedure we find G(t + τ, t) ≡ G(τ ) = B 
where B 2 = exp[−ϕ(0)] is the Frank-Condon factor, and J P H (ν) = k |g k | 2 δ(ν − ν k ) is the phonon spectral density.
We now make use of the differing timescales of the optical and vibrational processes to separate out the phonon and dipole contributions to the bare spectrum S O (ω, ν) = S ZPL (ω, ν) + S SB (ω, ν), where S ZPL (ω, ν) = S ZPL (ω, ν) + S ZPL (ν, ω) * and S SB (ω, ν) = S SB (ω, ν) + S SB (ν, ω) * , with
dτ e i(ν−ω)t e −iωτ g (1) (t + τ, t),
This separation of the phonon sideband and the zero-phonon line is valid when the dynamical time-scales associated to the ZPL are much slower than the phonon relaxation. The final ingredient necessary is the correlation function g (1) (t 1 , t 2 ) = σ † (t 1 )σ(t 2 ) , which we calculate with use of the quantum regression theorem and Eq. (9) for cases (i) and (ii) with the waveguide, and Eq. (13) for case (iii) with the cavity. The expressions quoted above are those used to plot the indistinguishability and efficiencies in Fig. (3) in the main text. (24) (dashed curve), and the exact diagonalisation method (plot markers) from Ref. [6] , as a function of the cavity width. The parameters used are ΓO = 1 µeV, g = 50 µeV, α = 0.032 ps 2 , ξ = 0.95 meV, and T = 0 K.
